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Abstract
We generalize the Noether current method proposed by Majhi and Padman-
abhan recently to f(R) gravity and conformal gravity and analyze the near hori-
zon symmetry of black holes in these models. It is shown that the entropy
obtained with Cardy’s formula agrees with Wald entropy.
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1 Introduction
One of the remarkable properties of black holes is that they are thermal objects bearing
temperature and entropy. The microscopic origin of black hole entropy has attracted
considerable attentions, but a fully satisfactory explanation of black hole entropy re-
mains to be found. At present, there are at least three different approaches in explaining
black hole entropy, i.e. black hole entropy as contribution from holographic quantum
degrees of freedom (DOF), as quantum entanglement entropy and as a purely classical
geometric entity (Wald entropy).
In the approach explaining black hole entropy as contribution from holographic
quantum DOF, Strominger [1, 2] has made an important step forward. He discovered
that the asymptotic region of 2+1 dimensional black hole spacetimes exhibit conformal
symmetry using the Brown-Henneaux’s canonical approach [3], and the black hole en-
tropy calculated using Cardy’s formula [4] agrees exactly with the Bekenstein-Hawking
entropy. Carlip [5] found that the near horizon region of black holes also exhibits
1
conformal symmetry, and the black hole entropy can still be calculated using Cardy’s
formula. Later on, Strominger et al studied the near horizon conformal symmetry of
axisymmetric black holes which is now known as Kerr/CFT [6].
Recently, Majhi and Padmanabhan proposed an alternative method (MP approach
for short) to study the asymptotic symmetry of the black hole solution [7, 8]. They
considered the Noether currents related only to the diffeomorphism invariance of the
boundary action, which is different from the bulk ones previously considered. By solving
the Killing vector fields that generate the boundary Noether currents and studying
the anomaly of corresponding conformal algebra, the black hole entropy computed
via Cardy’s formula matches Bekenstein-Hawking entropy precisely without shifting
the zero-mode energy [5, 9]. Several works have been done generalizing MP approach
to higher derivative gravity [10–12] or gravity with matter source [13]. For further
applications of the boundary diffeomophims in the context of the entropies of gravity
with one loop effective modified action, of the conformally transformed black hole
solution as well as for time dependent black holes, see Refs. [14–16].
In this paper we will consider the role of MP approach in two interesting models of
higher curvature gravity, i.e. f(R) gravity and conformal gravity. As a modified gravity
model for interpreting cosmic acceleration, f(R) gravity has been proven to be able to
mimic the whole cosmological history, from inflation to later accelerating expansion era.
There have been many studies on the application of f(R) to cosmology and gravitation
[17]. In four dimensions, Weyl-squared conformal gravity is the unique conformally
invariant gravity that is polynomial in curvature. It has an important feature that
all metrics which are conformal transformations of solutions of Einstein gravity are
automatically solutions of conformal gravity. Recently, Maldacena proved that, by
imposing proper boundary conditions, Einstein gravity can emerge from conformal
gravity in four dimensions. Thus, in order to understand the microscopic origin of
black hole entropy and make comparison between different approaches, we would like
to study the near horizon symmetries of static black holes of the above two models
using MP approach.
The paper is organized as follows. In Section 2, we give a brief review of the MP
approach. In Section 3, we compute the conserved charges owing to the diffeomorphism
invariance of the boundary action of f(R) gravity and obtain the related Virasoro
algebra. The entropy computed via Cardy’s formula matches the Wald entropy exactly.
In Section 4, we compute the conserved charges, construct the corresponding Virasoro
algebra and work out the entropy with Cardy’s formula in conformal gravity. We
conclude our results in Section 5.
2
2 Noether currents and charges from boundary ac-
tion
In this section, we briefly review the boundary Noether current method in Einstein
gravity proposed by Majhi and Padmanabhan recently [7]. We will start with the
boundary term of a general action which is written as a total divergence
√
gL =
√
g∇aAa. (1)
Under a diffeomorphism xa → xa + ξa(x), the variation of the left hand side of (1) is
the Lie derivative of a scalar
δξ (
√
gL) ≡ Lξ (√gL) = √g∇a (Lξa) , (2)
where we have used δ
√
g = 1
2
√
ggabδgab and δξgab = ∇aξb +∇bξa. The variation of the
right hand side of is
δξ (
√
g∇aAa) = Lξ [∂a (√gAa)]
=
√
g∇a
[∇b (Aaξb)−Ab∇bξa] , (3)
where ∇aAa = 1√g∂a
(√
gAa
)
is used.
After equating Eq.(2) and Eq.(3), we can read off the Noether current
Ja [ξ] = Lξa −∇b
(
Aaξb
)
+ Ab∇bξa. (4)
which obeys ∇aJa = 0. Replacing L in (4) with (1), the Noether current can be
rewritten as
Ja [ξ] = ∇bJab [ξ] = ∇b
[
ξaAb − ξbAa] . (5)
Given the Noether current, the conserved charge is defined as
Q [ξ] =
∫
Σ
dΣaJ
a =
1
2
∫
∂Σ
√
h dΣab J
ab, (6)
where Σ is a timelike hypersurface with unit normal vector Ma. We have used Stokes’
theorem in the second equality. dΣab = −d(d−1)x (NaMb −NbMa) is the area element
on the (d−1)-dimensional hypersurface ∂Σ, and Na is the spacelike unit normal vector.
Finally, the Lie bracket of the conserved charges is defined as [18]
[Q1, Q2] ≡ 1
2
(δξ1Q[ξa]− δξaQ[ξ1])
=
1
2
∫
∂Σ
√
hdΣab
(
ξa2J
b[ξ1]− ξa1J b[ξ2]
)
, (7)
where δξ1Q[ξ2] =
∫
Σ
dΣa Lξ1
(√
gJa[ξ2]
)
. For Einstein gravity this commutator gives
rise to the Virasoro algebra [7] and the black hole entropy follows directly by employing
Cardy’s formula.
3
3 f(R) gravity
In this section, we aim to generalize MP approach to f(R) gravity in (d+1) spacetime
dimensions. The bulk action reads [19]
I =
1
16πG
∫
dd+1x
√−gf(R), (8)
where f(R) is a polynomial of the Ricci scalar R, in which a term proportional to R
(Einstein-Hilbert term) and a constant term (the cosmological constant term) may be
present.
The boundary action which cancels the total divergence term arising from the vari-
ation of the bulk action (8) is
IB =
1
8πG
∫
ddx
√
σf ′(R)K, (9)
where K is the trace of the extrinsic curvature and the prime denotes the derivative
with respect to the Ricci scalar R.
Now let’s consider a static black hole solution of f(R) gravity
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2Ωij(x)dx
idxj (10)
where Ωij(x) is the metric on a (d − 1)-dimensional unit sphere and we denote hij =
r2Ωij(x), h = det hij. The unit normal vectors in this spacetime can be chosen as
Na =
(
0,
√
f(r), 0, · · · , 0),Ma =
(
1√
f(r)
, 0, · · · , 0
)
. (11)
Assume that the event horizon of the black hole lies at r = rh with f(rh) = 0. In order
to describe the near-horizon geometry, let’s introduce a local Rindler coordinate ρ via
r = rh + ρ, in terms of which the metric becomes
ds2 = −f(rh + ρ)dt2 + dρ
2
f(rh + ρ)
+ (rh + ρ)
2Ωij(x)dx
idxj . (12)
In the near horizon region, ρ→ 0, the function f(rh+ρ) can be expanded as f(rh+ρ) =
2κρ+ 1
2
f ′′(rh)ρ
2+···, with κ = f ′(rh)
2
being the surface gravity. In order to get the proper
vector field ξµ that generates the boundary diffeomorphism invariance, we transform
this metric to the Bondi-like form and then transform back after solving the Killing
equations . Under the transformation
du = dt− dρ
f(rh + ρ)
, (13)
4
the metric (12) can be rewritten as
ds2 = −f(rh + ρ)du2 − 2dudρ+ (rh + ρ)2Ωij(x)dxidxj . (14)
Requiring invariance of the horizon structure under infinitesimal boundary diffeomor-
phisms yields the following Killing equations,
Lξgρρ = −2∂ρξu = 0,
Lξguρ = −f(rh + ρ)∂ρξu − ∂ρξρ − ∂uξu = 0. (15)
Solving the above Killing equations we get
ξu = F (u, x), ξρ = −ρ∂uF (u, x), (16)
where x denotes the coordinates on the unit (d− 1)-sphere and F (u, x) is an arbitrary
function of the arguments. All other components of ξa vanish. The condition Lξguu = 0
is satisfied automatically in the near-horizon limit given the Killing vectors (16).
Transforming back to the original coordinates (t, ρ), the Killing vector fields now
take the form
ξt = T − ρ
f(ρ+ rh)
∂tT,
ξρ = −ρ∂tT, (17)
where T is the same arbitrary function F (u, x) but with coordinate u changed into t
and ρ. For each choice of T there is a corresponding Killing vector field ξa. T can be
expanded in terms of a set of basis functions
T =
∑
AmTm (18)
where the basis function Tm should be chosen properly in order that the Diff S
1 algebra
is satisfied
i{ξm, ξn}a = (m− n)ξam+n. (19)
Here {, } is the Lie bracket. A standard choice of Tm is
Tm =
1
α
exp[im(αt + g(ρ) + p · x)], (20)
where α is a constant, p is an integer, g(ρ) is a regular function on the horizon. For T
to be real, the coefficients Am must obey A
∗
m = A−m.
Now we have all the ingredients to calculate the conserved charges and the com-
mutators between them. For f(R) gravity, we can read off Aa = Naf ′(R)K from the
boundary action (9). Inserting this Aa into Eq. (5) the Noether potential follows,
Jab[ξ] =
1
8πG
f ′(R)K[ξaN b − ξbNa]. (21)
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Recall that Ja = ∇bJab. Using this and substituting in (6) and Eq.(7) and then taking
the limit ρ→ 0, we get
Q =
1
8πG
∫
dd−1x
√
hf ′(R)|ρ=0
(
κT − 1
2
∂tT
)
, (22)
[Q1, Q2] =
1
8πG
∫
dd−1x
√
hf ′(R)|ρ=0
[
κ
(
T1∂tT2 − T2∂tT1
)− 1
2
(
T1∂
2
t T2 − T2∂2t T1
)
+
1
4κ
(
∂T1∂
2
t T2 − ∂T2∂2t T1
)]
. (23)
Comparing this result to the case of pure Einstein gravity [7], one finds that an addi-
tional factor f ′(R)|ρ=0 appears. Choosing the standard form (20) of Tm and making
the integrations, we get the final form of the modes Qm and the commutators
Qm =
1
8πG
f ′(R)|ρ=0κA
α
δm,0, (24)
[Qm, Qn] =
1
8πG
f ′(R)|ρ=0
[
− iκA
α
(m− n)δm+n,0 − im3αA
2κ
δm+n,0
]
. (25)
The last commutator reminds us the form of the Virasoro algebra, from which we can
read off the central charge C and the zero mode Q0,
C
12
=
αA
2κ
1
8πG
f ′(R)|ρ=0, (26)
Q0 =
Aκ
α
1
8πG
f ′(R)|ρ=0. (27)
So, using Cardy’s formula, we get the entropy of the black hole
S = 2π
√
CQ0
6
=
A
4G
f ′(R)|ρ=0. (28)
This is exactly the Wald entropy of static black hole in f(R) gravity.
4 Conformal gravity
In this section, we apply the MP approach to the static black hole in four-dimensional
conformal gravity.
The boundary action of conformal gravity [20, 21] can be written as
IB =
αc
4π
∫
d3x
√
σCabcdnanc∇bnd, (29)
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where na is the unit normal vector of the boundary of the spacetime. If we consider the
metric of static black hole with the same form as in (12), then na =
(
0, 1√
f(r)
, 0, 0
)
.
From (29) it’s very easy to read off the boundary Lagrangian density
LB = αc
4π
Cabcdnanc∇bnd, (30)
So, we can take Aa = naLB and insert this object into Eqs.(5–7). After taking the
limit ρ→ 0, we get
Q =
αc
4π
2 + 2rhf
′(rh)− r2hf ′′(rh)
6r2h
∫
d2x
√
h
(
κT − 1
2
∂tT
)
, (31)
[Q1, Q2] =
αc
4π
2 + 2rhf
′(rh)− r2hf ′′(rh)
6r2h
∫
d2x
√
h
[
κ(T1∂tT2 − T2∂tT1)
− 1
2
(T1∂
2
t T2 − T2∂2t T1) +
1
4κ
(∂T1∂
2
t T2 − ∂T2∂2t T1)
]
(32)
Choosing the standard form (20) for Tm and integrating out the above equations,
we get the final form of the modes Qm and the commutators
Qm =
αc
4π
2 + 2rhf
′(rh)− r2hf ′′(rh)
6r2h
κA
α
δm,0, (33)
[Qm, Qn] =
αc
4π
2 + 2rhf
′(rh)− r2hf ′′(rh)
6r2h
[
− −iκA
α
(m− n)δm+n,0 − im3αA
2κ
δm+n,0
]
.
(34)
Therefore we recognize the Virasoro central charge C and the zero mode Q0
C
12
=
αA
2κ
αc
4π
2 + 2rhf
′(rh)− r2hf ′′(rh)
6r2h
, (35)
Q0 =
κA
α
αc
4π
2 + 2rhf
′(rh)− r2hf ′′(rh)
6r2h
. (36)
Employing Cardy’s formula, we get the entropy of the black hole
S = 2π
√
CQ0
6
=
αc
8
(
4
3r2h
+
4f ′(r)
3rh
− 2f
′′(r)
3
)
A. (37)
This agrees exactly with the Wald entropy of the static black hole [20, 22–24]
S = −αc
8
∫
Cabcdǫ
abǫcddΣ =
αc
8
(
4
3r2h
+
4f ′(r)
3rh
− 2f
′′(r)
3
)
A. (38)
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5 Conclusion
It was known in the literature that for higher curvature extended gravity models, the
Beckenstein-Hawking formula for black hole entropy is not valid. Instead, the Wald
entropy is a universal formula for all gravity models. However, the Wald entropy
is constructed purely from geometric considerations and thus seems to be a purely
classical object. This intuition contradicts with the expectation that black hole entropy
may arise from microscopic quantum DOF of gravity. On the other hand, the MP
approach, which makes use of the off-shell boundary conserved charges and the Cardy’s
formula, seems to relate both geometric and quantum considerations and hence feels
more natural for interpreting black hole entropy.
In this paper, we calculated the black hole entropy in both f(R) gravity and con-
formal gravity using the MP approach. The results in both cases agree with the Wald
entropy. This provides further evidence for the universality of the Wald entropy. Be-
sides, in the MP approach, we made use of only the staticity and the spherical symmetry
of the metric but not of the explicit form of the metric function f(r). This makes the
construction equally well applicable to static spherically symmetric black holes in other
extended theories of gravity.
The importance of the boundary action is not limited within the context of varia-
tional problems for gravitational theories and the boundary diffeomorphism invariance.
Recently, Majhi promoted the boundary action to the calculation of black hole entropy
using the entropy function method in general relativity [25] and the result agrees with
the boundary diffeomophism approach. It is desirable to see whether the boundary
entropic function method is also applicable to other models of gravity.
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